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ABSTRACT

Let A be an arithmetic Dedekind ring with only finitely many units. It
is known that (i) A = Z, the ring of rational integers, (ii)) A = Oy, the
ring of integers of the imaginary quadratic field Q(v/—d), where d is a
square-free positive integer, or (iii) A = C = C(C, P, k), the coordinate
ring of the affine curve obtained by removing a closed point P from a
smooth projective curve C over a finite field k. Serre has shown that,
in comparison with other low rank arithmetic groups, the groups SLo(A4)
have “many” non-congruence subgroups.

Let ncs(A) denote the smallest index of a non-congruence subgroup of
SL2(A). It is well-known that ncs(Z) = 7. Grunewald and Schwermer
have proved that, with 4 exceptions, ncs(Qg4) = 2. In this paper we prove
that ncs(C) = 2, for “most”, but not all, C.
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Introduction
Let G be an algebraic group over a global field F' and let A be an arithmetic
Dedekind domain contained in F. The problem of determining whether or not
the group G(A) has subgroups of finite index which are not congruence subgroups
(the celebrated Congruence Subgroup Problem) has attracted much attention for
many years. It is known that, if the rank of G is “sufficiently high”, then every
subgroup of finite index is “within bounded index” of a congruence subgroup.
For example Bass, Milnor and Serre [1] have proved that, for the cases G = SL,,
where n > 3, and G = Sp,,,, where n > 2, there exists a constant ¢ = ¢(A) with
the following property. For each subgroup S of finite index in G(A) (for these
cases), there exists a congruence subgroup S’ containing S such that |S': S| < c.
(For many A, including A = Z, the ring of rational integers, it is known that
c(A) = 1.) For a result of this type to extend to low rank G it is usually necessary
to impose some restrictions on A. For example, Liehl [6] and Vaserstein [14]
have proved that the above result holds for SLy(A), provided A has infinitely
many units. It is known that A has only finitely many units if and only if (i)
A =17, (ii)) A = Oy, the ring of integers of the imaginary quadratic number field
Q(v/—d), where d is a square-free positive integer, or (iii) A = C = C(C, P, k),
the coordinate ring of the affine curve obtained by removing a closed point P
from a smooth projective curve C over a finite field k. Serre [11] uses the theory
of profinite groups to show that when A is of type (i), (ii) or (iii) the set of
non-congruence subgroups of SLo(A4) is much more complicated. (In particular
no constant ¢(A) of the above type exists for these cases.)

Let V' (A) denote the set of non-congruence subgroups of SLa(A). After [5] we
put

ncs(A) := min{|SL2(A) : S|: S € N(A)}.

It is clear that nes(A) > 2. It is well-known that ncs(Z) = 7. Grunewald and
Schwermer [5] have proved that nes(Q4) = 2, when d # 1,2,3 or 7. (They also
evaluate ncs(Qy) for the remaining 4 cases. The largest is nes(Os) = 22.) In
this paper we prove that a similar situation holds for SLy(C). We prove that
nes(C) = 2, for “most”, but not all, C.

Let K be the algebraic function field of C. We assume that k is algebraically
closed in K. Let g be the cardinality of k, g(> 0) the genus of K and §(> 1)
the degree of P. (Stichtenoth’s book [13] provides an excellent account of the
algebraic theory of function fields.) Our principal result is the following.
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THEOREM: With the above notation,
ncs(C) > 2 if and only if
(i) (9,0) = (0,1),(0,2) and q # 2

(ii) (g,9) = (0,3), (1,1) and 4]q.

It follows, for example, that nes(C) = 2 when g > 1, 6 > 3 or ¢ = 2. Our proof
is based on the action of GLo(C) on its Bruhat-Tits building [12, Chapter II], and
makes use of formulae of Gekeler [2] for the genera of various Drinfeld modular
curves.

1. Unipotent matrices and non-congruence subgroups

From now on we put
G :=GLy(C) and T :=SLy(C).

The group G acts on a tree X, its Bruhat-Tits building [12, Chapter II, §1]. For
each subgroup S of G and each vertex v of X, we denote the stabilizer of v in
S by S,. We put

Sx = (S, : v € vert(X)).

Our first lemma is a consequence of the basic theory of groups acting on trees.
We denote the free group of (finite) rank n by F,.

LEMMA 1.1: Let S be a subgroup of finite index in G. Then
$/Sx = F,,
where 7 = tkz(S) = dimg H(S,Q) < oo.
Proof: By [12, Corollary 1, p. 55] it follows that
S/Sx = 7 (S\X),

where 71 (S\X) is the fundamental group of the (connected) quotient graph S\ X.
This is a free group with a set of free generators in one-one correspondence with
a set of edges of S\ X not on a given spanning tree. By [12, Theorem 9, p. 106],
together with {12, Corollary 4, p. 108], the rank, r, of this group is finite.

By [12, Proposition 2, p. 76] each stabilizer S, is finite. The rest of the lemma
follows. ]
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Again by [12, Proposition 2, p. 76] it follows that rkz(S) is zero if and only if
S is generated by elements of finite order.

We note that Lemma 1.1 applies in particular to S =T, since |G: '] = ¢ — 1.
We recall that a congruence subgroup of I' is by definition one containing a
(normal) subgroup of the type

I(q):={T €I': T = I,(modq)},

where ¢ is a non-zero C-ideal. Since C/q is finite, it follows that congruence
subgroups have finite index in I'.

A two-by-two matrix M over C is called unipotent if and only if (M —13)2 =0
(equivalently, det M = 1 and tr M = 2). Let U denote the subgroup of I’
generated by all the unipotent matrices. We now come to the principal result of
this section.

THEOREM 1.2: Suppose that rkz(I') > 0. Then
nes(C) = 2.

Proof: As above let r = rkz(T'). Each unipotent matrix has finite order p =
char k¥ and so by Lemma 1.1 there exists an epimorphism

0:T/U — F,.

It follows that, for each n > 0, there exists a (normal) subgroup S of T,
containing U, such that
T:8|=n.
Now U is a normal subgroup of I' containing all the elementary matrices and
so the only congruence subgroup of I' containing U is T' itself, by [8, Corollary
1.3]. The result follows. |

A similar argument, involving the elementary matrices, is used in the proof of
[5, 3.1. Proposition]. (See also the proof of [4, Theorem 1.4].)

2. Non-zero rank

In this section we use formulae of Gekeler [2], [3] (for the genera of various Drinfeld
modular curves) to prove that rkz(T') is non-zero, for “most” C. We recall the
definition [13, p. 165] of the L-polynomial P(t) of the algebraic function field
K/k. This is a polynomial of degree 2¢ over Z. It is known [13, V.1.15, p. 166]
that

g

)= [](at* - Mt +1),

i=1
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for some A; € R, where [\ < 2,/q(1 <i < g). It follows that, if P(a) = 0, then
|a| = ¢~'/2. This implies that P(n) > 0, for all n € Z.

Notation: For each n € N, let

(¢ I)P(q) _ng(g+ I)P(l) (- (—1);‘)11((1 - I)P(_l)

Alma) = 4, 2

and

n _ n 2 _{_1\n _ 2
B("*q)JEZ_I)I)P(q’“ (q-2+1) P(l)—(l ( 1)4)((1 1) P(-1).

It is easily verified that A(n,q), B(n,¢) € Z and that
A(n,q) = B(n,q) = 0(mod(q® — 1)).

We put

_f14+(¢*-1)"1A(n,q), q even,
r(n,g) = {1 +(¢® - 1)"'B(n,q), ¢ odd.

THEOREM 2.1 (Gekeler):
1(8,q) = dimg HY(T', Q) = rky(T).
Proof:  See [2], [3, 5.8 Theorem, p. 73] and Lemma 1.1. 1

We will prove that A(4, g), B(d,q) > 0, for “most” C. We require the following
properties of P(¢) and r(n,q).

LEMMA 2.2: Suppose that g # 0. Then
(i) P{q) > ¢9P(1), for all q,

and
(i) P(q) > ¢9P(-1), for all ¢ > 3.

Proof: With the above notation, it is clear that, for each ¢,
e —lg+1 >q(g— A +1),
and that, when ¢ > 4,

@ = Xg+1>q(g+ X +1). ]
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LEMMA 2.3: Suppose that m—n = 2a, where o € N, and that either (g, m,n) #
(0,3,1) or q is odd. Then

r(m,q) > r(n, q).

Proof: We consider only the case where ¢ is even. For odd ¢ the proof is
very similar. It is clearly sufficient to deal with the case @ = 1 only. Then
t(m, q) > r(n,q) if and only if

(¢™ - q")
(g-1)

We now apply Lemma 2.2(i). |

P(q) —q(g+1)P(1) > 0.

We begin with the simplest case.

LEMMA 2.4: Suppose that g = 0. Then
r(d,q) >0
unless (g,0) = (0,1), (0,2) or, when q is even, (g,8) = (0,3).

Proof: Follows easily from the above formulae together with Lemma 2.3. |
We will treat the cases g odd, ¢q divisible by 4 and ¢ = 2 separately.

LEMMA 2.5: Suppose that q is odd and that g # 0. Then

r(,q) > 0.

Proof: Suppose that r(d,q) = 0. Then, by Theorem 2.1, rkz(I') = 0 and so
rkz(G) = 0. Now Gekeler [2] has proved that

rkz(G) =1+ (¢° — 1)71A(5,9).
It follows that
A((s’ q) = B((S*(I) =1- 427

and hence that
20P(1) + (1 — (-1)°)P(-1) = 4.

When 6 is even we deduce that § = 2, P(1) = 1 and hence that P(g) = 1. On
the other hand, if 4 is odd, then § = P(1) = P(—1) =1, and so P(g) = 1. Either
conclusion contradicts Lemma 2.2. 1
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LEMMA 2.6: Suppose that ¢ = 4 and that g # 0. Then
r(4,4) > 0,

unless (g,0) = (1,1).

Proof: By Lemma 2.3 we only have to consider the cases § = 1,2. From the
above formulae

r(2,4) >0 ifand only if P(4) > 4P(1).

We now apply Lemma 2.2(i).
It is clear that

r(1,4) >0 ifand only if P{4) > 10P(1) + 6P(-1).

The latter inequality is satisfied when g > 2, by Lemma 2.2. On the other hand,
it is easily verified that

r(1,4) =0,
when g = 1. |

There remains the (much more complicated) case ¢ = 2. We begin with a
number of straightforward subcases.

LEMMA 2.7: Suppose that g # 0 and that § is even. Then
r(4,2) > 0.

Proof: Follows from Theorem 2.1 and Lemmata 2.2 and 2.3. [}

LEMMA 2.8: Suppose that g =1 or 2 and that 6 is odd. Then

1(6,2)=0 ifandonlyif g=6=1

Proof: Suppose that ¢ = 1. As in the proof of Lemma 2.6 it is easily verified
that

r(1,2) =0.

We now apply Lemma 2.3.
Suppose now that g = 2. Then

P(t) = (2t* — at + 1)(2t> = t + 1),
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for some «, 8 € R, with |a/, |3] < 2v2. Now
P(2) —3P(1) - P(-1) =45 - 12(a + f).
But, by [13, V.1.15, (d), (3), p. 166], we have
a+ <3
The result follows by Lemma 2.3. |
This leaves one case.
LEMMA 2.9: Suppose that g > 2 and that 6 is odd. Then
r(4,2) > 0.
Proof: By Lemma 2.3 it suffices to prove that
E=P(2)-3P(1) - P(-1) >0.
We recall that . .
P@)=JJ@ - nt+1) =[] R@).
i=1 i=1
It follows that
(%) Al + A+ 4+ Ay <3,

by [13, V.1.15, (d), (3), p. 166].
We put

Pi(2) 15 2 and R;: Pi(2)=2+ 3

Qi:

TPhRCED 3+ N ~ PQ) 3N

We recall that —2v/2 < X; < 2V/2.
It is easily verified that
1
§<Q¢<1 when 2 < \; < 2V/2,
1<@; <3 when0< \; <2,
3<Qi<5 when —6/7<X; <0,
5<Q; when —2v2< )\ < —6/T.

We assume that
A <A< <A
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We denote the number of A\; with A; > 2 by u, the number with —% <A <0by
v and the number with A; < —$ by w. It follows that

P(2) 5w3v
> .
P(-1) = v
In addition we have
(x%) 2u — gv —2V2w < 3,

by ().
Suppose now that u = 0. Then \; <1, since g > 2. It follows that

Q> 217— and that @, >1 (i#1).
Hence
P(2) 7
> -,
P(-1) — 4

On the other hand, R; > 2 and so
3
§P(2) —3P(1) >0,
by Lemma 2.2. In this case therefore
3 4
E= (?P(2) ~3P(1)) + (?P(z) ~ P(-1)) >0.
We suppose from now on that « > 0. It follows that Ay > 2 and hence that
R, > 5.
On the other hand, —2v/2 < \; and so
Ri>11-6V2 (i#g).

Since g > 2, it follows that

~

2
a

> 25

"y

and hence that I
§P(2) —3P(1) > 0.

To prove that E > 0 it suffices therefore to show that

gp(z) — P(-1)>0.
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Suppose then that P(2) < 3P(—1). Then 5¥3"27% < £ and so
wlogy(5) + vlogy(3) < u+ 3 —logy(7).

By the inequality () it follows that

3 9
(10g5(5) = V2)uw + (logy(3) = = ) < 5 ~ logs(7).
We now make use of the estimates
3 9 5
V2 < 5 < log,(3), 1< log,(5) and 3 < log,(7)

to deduce that

§w+—1év<2
4 14 )

Clearly this inequality leaves only finitely many possibilities for v and w. There
are then only finitely many possibilities for u, by (#x). We list these.

If v =0 and w = 2, it follows that u < 4 and hence that P(2)/P(-1) > —.

The remaining case v = w = 0 and » = 1 is not quite so straightforward. Since
Ag > 2, it follows that A; < § (since g > 2). If Ay < 2, then

16 8 _ 8
P(2)/P(-1) 2 Q1Qg > ITARTRE A

If Ay > 2, then A\; < 1 and so

PO/PCD2 Qi 2 32 >

~J| Co

This completes the proof. |
Combining Lemmata 2.4-2.9 we have the following result.

THEOREM 2.10: With the above notation, r(4,¢) = 0 if and only if
(i) (9.6) = (0,1),(0,2)

or
(ii) (9,6) = (0,3),(1,1) and 2|g.
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3. Zero rank

In this section we examine the cases where rkz(T') is zero in more detail. We
begin, however, with a result which does not depend on the actual value of the
rank.

LEMMA 3.1:
(i) If g = 2, then nes(C) = 2.
(ii) If ¢ = 3, then ncs(C) < 3.

Proof: For any subring R of C let

E(R):{[(l) ”:TER}.

From Serre’s theorem [12, Theorem 10, p. 119] it follows [7, Theorem 1.2] that,
when ¢ = 2 or 3, there exists a proper subgroup X of I" such that

'=XxY,

where Y =Z-E(C)and I =X NY = Z - E(k), with Z = {£],}.
We deduce that there exists an epimorphism

o A

where V1 is the additive group of V, a complement of the k-vector space k
in the k-vector space C. Since V has countably infinite dimension (over k), V
has uncountably many hyperplanes. Hence I' has uncountably many (normal)
subgroups of index 4.

Since € is a Dedekind ring, every C-ideal is 2-generated. There are there-
fore only countably many C-ideals and hence only countably many congruence
subgroups of I'. The result follows. |

The inequality in part (ii) is best possible. By Theorems 1.2 and 2.10 it is
clear, for example, that ncs(C) = 2, when g = 3, if either g > 1 or 6 > 3. On the
other hand, equality here is possible. (See below.)

The group I' acts as a group of linear fractional transformations on K =
K U {oo} in the usual way. For each s € K we denote the stabilizer of s in T
by F(s). Then F(oo) (resp. F(0)) is the set of upper (resp. lower) triangular
matrices in I'. It is known [9, Theorem 2.1] that, when s € K*, an element
f € F(s) if and only if

a+cs d

f =ms(a,c) = . a
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for some a € k*, ¢,d € C, where d = (a~! — a)s — cs?. For each a € k*, c € C we
put

ms(r) = (malan )" = |55

1t is clear that m,(c, c) has eigenvalues @, a~!. When a # +1 it follows that
the order of ms(a,c) is the (multiplicative) order of . When a =1, m4(1,¢) is
unipotent and its order is p = char k.

The unipotent matrices in F(s) form a (normal) subgroup

/ a2
U@):{med)=[1+fs cs]:deCﬁC{*}.

c 1-c's
It is clear that, for each s € K ,
{d € C:ms(1,d) € U(s)}
is a C-ideal. For each s € K there is a map
0: F(s) = k*
defined by
f(ms(a,c)) = a.
It is known (see, for example, [9, Corollary 2.2]) that 8 is surjective.
We now come to the remaining “zero rank, g even” cases.

LEMMA 3.2: If rkz(T') = 0 and 4|q, then

nes(C) > 2.

Proof: Suppose, to the contrary, that I’ contains a subgroup A of index 2. To
obtain the desired contradiction it is sufficient to prove that every element of
finite order lies in A. (See comment after Lemma 1.1.)

Let h be an element of finite order of I and let o, a~! be its eigenvalues. There
are two possibilities. If o # o~! then the order of h is the (multiplicative) order
of o, which is odd (since g is even). We may assume therefore that o = a~!
(in which case @ = 1) and hence that h is unipotent. Then h € U(s), for some
s € K. It follows that

h =m,(1,¢),

for some ¢ € C. We now make full use of the hypothesis on g. Choose aq € k*,
such that o3 # 1, and then co € C such that

ho = mg(ao, co) € F(s).
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Let hy = m,(1,¢'), where ¢ = ¢(ag? — 1)~1. By the above hy € A and
hy € U(s). It is easily verified that
h = hohihy 'hit.
We conclude that h € A (since A is normal in T'). |

We deal with the remaining two cases separately. We note that, when g = 0,
it follows from a celebrated result of F. K. Schmidt [13, V.1.11, p. 164] that
K = k(t), the rational function field over %.

LEMMA 3.3: If q is odd and (g,6) = (0,1), then

nes(C) > 2.
Proof: When (g,d) = (0,1) it follows that

C = KJt).

The ring C is then euclidean and so I' is generated by elementary matrices of the

type

1 x o 1 0

o 1/ 7 s 1)
both of which have odd order. We deduce that I" does not contain any subgroup
of index 2. The result follows. ]

We now come to the remaining case.

LEMMA 3.4: If q is odd and (g,68) = (0,2), then

nes(C) > 2.

Proof: We make use of the results of [10] where the structure of G\ X is deter-
mined when K = k(t). (Recall that G = GLy(C) and that X is its Bruhat-Tits
tree.) By Lemmata 2.16-2.20 of [10] it follows that

{deth: h € G,} = k*,

for all v € vert X. By [12, Exercise 1(a), p. 98] we deduce that the natural
projection
7 vert(T\X) —» vert(G\ X)

is injective. (See also [12, Exercise 4, p. 117].) Combining Theorem 2.22 and
Lemmata 2.25, 4.4 of [10], we conclude that I'\ X is a tree which lifts to a doubly
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infinite path in X

(Serre [12, 2.4.2(a), p.113] states this result for the quotient group G\ X.)
Let T'; denote the stabilizer of v; in T', where ¢ € Z. It is known [10, Lemmata
2.16-2.20] that
(i) To = SLa(k),
(i) T, & SLa(k),
(iii) T'y, < Tpyy, for all n > 2.
and
(iv) Ty, <Tp_y, for alln < —1.
It is also known [10, Lemmata 2.16, 2.17] that

|J Tn=F(c0) and that | JT, =F(t).

n<~—1 n>2

By [12, Theorem 13, p. 55] it follows that [ is generated by
Fo, Flv F(OO) and F(t)

(since T\ X is a tree).

Suppose, to the contrary, that I' contains a subgroup A of index 2. Since
SLo(k) has no subgroups of index 2, when ¢ > 2, the subgroups I'p and I'y are
contained in A.

The subgroups U(oc) and U(t) are generated by (unipotent) elements of odd
order (= char k) and so each is contained in A. Let h € F(s), where s = oo, 1.
Then

h =ms(a, ),

for some o € k*, ¢ € C. We may assume that o # 1.
By [10, Lemma 2.16] it follows that

hoo = Moo(r,0) = (o, ™) € Ty N F(00).

Now, when s = 00,
hh' = Mo (1,%) € A,

and so h € A.
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It is shown in the proof of [10, Lemma 2.20], combined with {10, Lemma 2.17],
that there exists ¢’ € C for which

ht = mt(a,c') € Fl N F(t)
It follows that, when s = ¢,
hh;yt = my(1,%) € A,

and so again h € A. We have therefore proved that F(00), F'(t) < A, which gives
the desired contradiction. 3

We now come to the principal result of this paper.

THEOREM 3.5: With the above notation,
nes(C) > 2 if and only if
(1) (915) - (07 1)v (0, 2) and q 7‘4‘ 2

or
(ii) (g9,4) = (0,3),(1,1) and 4|q.

By Lemmata 3.1(ii), 3.3 and 3.4 it follows that ncs(C) =3, when ¢ =3,¢=0
and § = 1,2. With the exception of these cases this leaves open the following
question.

PrOBLEM: Determine nes(C), when nes(C) > 2.
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